The Hough transform is a powerful feature extraction algorithm transforming parametric curves of objects into a smaller feature space called the parameter domain. Optical implementation of the Hough transform by space-variant holographic filters is discussed, and a computer controlled system for generating such filters is described. Employing this system, filters for images of space bandwidth product of 60 X 60 are generated and applied to recognize and detect straight lines and circles in parallel and real time.
Introduction
The Hough transform (HT) is an efficient tool for curved detection and, therefore, plays an important role in digital image processing. The HT has been extensively investigated and generalized, e.g., detection of analytic curves and curves of arbitrary shapes from 2-D objects as well as from 3-D objects'- 5 for medical image processing, 4 industrial inspection, robot vision, 5 6 etc. The principle of the HT involves mapping each point from the image plane into a curve in the parameter domain and a curve from the image plane into a point in the parameter domain. For example, a simple pattern such as a line, which is described by two parameters, can be detected by applying threshold on a maximum resulting from the intersection of curves in the parameter domain. The location of this maximum in the parameter domain will determine the two parameters of the line in the image plane. Patterns of more complicated shape can be decomposed into small elements, and the HT will map all these elements into a smaller feature space to form the HT shape descriptors. Real time implementation of the HT using a digital computer is restricted to very small images as a result of memory and computation time requirements. To introduce real time transformation on large size im-ages, the inherent parallelism of optical processing can be applied as discussed in this paper.
The Hough transform is a space-variant transformation, and for binary images it is equivalent to the forward Radon transform. 7 A coherent optical implementation of Hough transform has been discussed by Eichmann and Dong, 7 where the 2-D space-variant transfer function is implemented by successively performing 1-D space-invariant transform by rotating the input image around its center point and translating a film plane for recording. Therefore, the 2-D parallelism is not fully utilized. Another implementation for coherent or incoherent light was proposed by Steier and Shori 8 where they use a rotating Dove prism to rotate the input image, and the detection is achieved by a linear detector array. These techniques can be used to detect only straight lines, and the maximal speed of the transformation is limited to the video rate due to the presence of mechanical parts. When the parameter domain is a 2-D correlation space, the HT provides the same detection as the matched spatial filtering, and, in this case, Maitre 9 proposed to implement the HT optically by a holographic filter.
We suggest implementing the HT using a spacevariant filter composed of a 2-D array of holograms of varying impulse response. 10 "' With such a space-variant filter, the mapping of each point from the input domain to the curve in the parameter domain is achieved by a hologram, whose point spread function is given by the desired curve defined by the HT. The parameters of this curve are related to the position of the hologram in the 2-D array of the filter. In Ref. 12 the realization of a 4 X 4 matrix of computer generated
Fresnel holograms for detecting straight lines was presented. The space-variant holographic filter approach introduces the possibility of optically implementing HT for curves of any given shape, and because an electrooptical processing system with no moving parts is used, very high processing speed can be achieved, and real time applications are possible. A brief description of the equations for the HT of a straight line using Cartesian and normal parametrization as well as for the HT of a circle is given in Sec. II.
In Sec. III, we describe the computer controlled system for the fabrication of space-variant HT filters in a form of 2-D arrays of holograms. Section IV demonstrates some experimental and computer simulation results for the detection of straight lines and circles. In Sec. V we discuss the advantages of the optical digital implementation of the Hough transform. Further potential applications of optically implemented HT to image processing and high energy physics are discussed in Sec. VI. The last section provides a summary and some conclusions.
II. Hough Transform Equations
In many image processing applications, it is very useful to develop methods for detection and recognition of different curves in edge enhanced patterns.
Generally, the edges in enhanced images can be represented by a superposition of simple analytic curves, such as straight lines and circles. The method often found useful to detect or recognize these simple analytic curves is the generalized HT. 
Thus a straight line in the image plane will reconstruct a set of straight lines in the parameter domain plane; all of them intercept at one point. This point can be detected by performing a thresholding operation. 
where po is the shortest distance from the line to the origin and 00 is the angle of po from the x axis. The parameter domain is, therefore, the angle distance 
where xi and y are the coordinates of the point in the input plane. The output F(O,p) in the parameter domain can be expressed by gram will reconstruct a circle of the radius r, the position of which is related to the coordinates (xy) in the image plane according to
where x,yo are the parameter domain coordinates. The resultant parameter domain is shown in Fig. 3(b) , and the HT can be expressed by
+ (y -y) 2 -r]dxdy. (8) Similar to the detection of a straight line a thresholding operation on the parameter domain will be required to determine the presence of a circle of a given radius and its coordinates in the image plane.
Hough Transform Filter
The HT filter is a space-variant filter composed by a 2-D array of holograms, each of them having a different point spread function according to its coordinates in the image plane, as defined in the previous section.
In general, the total space-bandwidth product two possible approaches to generate a space-variant filter: computer generated holograms (CGH) and optically recorded holograms under the control of a computer. To employ the CGH approach a filter of such a large SBP can be computer generated only by using an Electron Beam Writer. However, using the approach based on optical recording of the Fourier hologram array under computer control, the desired SBP of the HT filter can also be reached. In this case the Fourier transform is performed by a lens rather than digitally as for the case of CGH.
The schematic of the system for producing a 2-D array of Fourier holograms is shown in Fig. 4 . Basically it is a conventional setup to generate a Fourier hologram controlled by a computer. A 5-mW He-Ne laser is used, and the exposure time of hologram is determined by a computer controlled acoustooptic shutter located at the output of the laser. The laser beam is split into an object beam and a reference beam by an optical flat. The object beam is then collimated to a 5-cm diameter and illuminates a liquid crystal spatial light modulator (SLM). This SLM was originally a TV screen of 120 X 120 pixels; each pixel is 400 X 327 ,jm. An image of 60 X 60 pixels is generated by the computer and displayed on this SLM. The SLM is placed between two polarizers adjusted to give the 2.4 X 2.4 cm. Figure 5 is a picture of the system, and Fig. 6 shows part of the space-variant HT filter.
IV. Experimental Results

A. Optical Implementation
We have produced three different HT filters for straight line detection in the Cartesian and in the nomal parametrizations and for circle detection.
Each hologram in a HT filter is a square of 400 ,gm, and the HT filter reconstructs an image of 60 X 60 pixels. The filter was inserted in the system shown in Fig. 7 for testing. The input is a binary (image) mask illuminated by a collimated laser beam. The light passing through this mask illuminates the HT filter. A Fourier transform lens reconstructs the holograms in the HT filter. The reconstructions form the parameter domain plane, which is then detected by a TV camera connected to a microcomputer for thresholding. To process a parameter domain of larger SBP, an off-axis Fourier transform lens will be required.
Straight Line Detection in Cartesian Parametrization
Each hologram in the HT filter reconstructs a straight line for the Cartesian parametrization as defined in Sec. II. The horizontal axis in the parameter domain is calibrated to represent a slope varying from -30 to +30, while the vertical axis is calibrated to represent intercept varying also from -30 to +30. straight lines of varying slopes intersecting at one point [ Fig. 8(a) ]. After thresholding only the point of intersection remains and indicates the parameter of the input line [ Fig. 8(b) ]. Figure 9 shows the optical HT results of another straight line y = 3x + 12. These experimental results demonstrate the ability of the Hough transform filter to detect straight lines and to provide their Cartesian parameters.
Straight Line Detection in Normal Parametrization
Each hologram in the HT filter reconstructs a sinusoidal curve for the normal parametrization as defined in Sec. II. The horizontal axis is calibrated from 0 to 1800, while the vertical p axis is calibrated from -30 to +30. Two experiments were performed: 
Detection of the Circle of a Given Radius
Each hologram in the HT filter reconstructs a circle of a radius equal to the radius of the circle to be detected. The parameter domain is the domain specifying the coordinates of the centers of the circles. We have constructed a filter for the detection of circles with a 6-mm radius. In Fig. 12 Even though optically generated holograms were used in our experiments rather than CGH, the simulation follows the same steps. For each pixel of the 8 X 8 input image plane a parametric sinusoidal curve is defined in accord with Eq. (5). The resultant 8 and 6 sinusoidal curves for lines 1 and 2, respectively, are superimposed (or added) to give the function shown in Fig. 8(b) . To simulate the optical implementation, the same sinusoidal parametric curves have been Fourier transformed, low pass filtered by a rectangular window of the size of one pixel in the input image, and finally inverse Fourier transformed. The filtered parametric sinusoidal curves are superimposed, and the result is shown in Fig. 13(c) . After thresholding at level 5.5, there remain only two points in Figs. 13(b) or (c), corresponding to the two lines in Fig. 13(a) . In conclusion, the computer simulation results are found in complete agreement for optical as well as digital implementation. Let us now compare the optical implementation just described and the digital implementation of the HT in terms of processing speed. We will first examine the computation load of the HT on a digital computer.
Suppose that a binary input image has a dimension of N X N and a parameter domain dimension of M X M. The total computation load Ctot can be expressed
where k is a constant which depends on the percentage of an input image of unity transmittance; thus 0 < k • 1. C is the computation time for mapping one pixel in the (x,y) plane to a curve in the parameter plane and depends on curve shapes like sine or straight lines.
But Cp can be approximated as M when the parameter array is two-dimensional or M 2 when the parameter array is three-dimensional. The last term is for thresholding operation; t, represents the time required for performing an integer comparison. Thus Eq. (9) can be rewritten as Ctot = k * N2 * M * t + t M2, (10) where ta represents a time period to calculate one point on the parameter curve. Generally, N is much bigger than M; ta and tc are of the same order. It can be seen from Eq. (10) The time t 0 is about that required for two multiplications and two additions. Then Ctot would take the VAX 11/780 -1.0 h CPU time. Therefore, for images of large size, it is very time-consuming to perform HT on digital computers. The optical method can perform this space-variant transform at the speed of light, except that the responses of the input device and of the output detectors will slow down the process. Even if the relatively slow liquid crystal light valve is used for the input plane and an acquisition camera for the output plane, most of the real time industrial applications are possible. However, the speed of the processor can be much improved if smart spatial light modulators are available for use in the input plane and output plane.
VI. Applications
If the data forming the image are available in parallel as is the case for the data coming from the detector in high energy physics (HEP) experiments, a total processing time of hundreds of nanoseconds can be achieved. 1 4 1 5 In HEP very high speed processing is needed. In some experiments the events of interest are rare, so a triggering system is used to avoid the collection of uninteresting data. Often the trigger has to detect a particular pattern, and this can be done by the optical HT processor with the required speed. A recent paper 1 6 has presented some applications of a space-variant holographic filter for the detection of circles, vertex, and jets. If the data are electrical signals, they can drive directly the input plane.
The data coming from bubble chambers are recorded on film. On many pictures of data no interesting information is present, and the purpose of the trigger processor is to reject these data. The selected data are analyzed in more detail by digital image processing. The HT optical processor is very well suited to make this first detection of interesting patterns which are straight lines, vertex, and circles. Also recently, for some experiments, the data are recorded in the form of a hologram. 17 In this case the HT optical processor designed to detect 3-D patterns can be used.
The system we constructed to generate the HT filter is very versatile and is not restricted to produce only those impulse responses described in previous sections. Recording a space-variant filter of new impulse responses can be easily achieved by displaying on the SLM the new patterns which we want individual holograms in the HT filter to reconstruct. Through this approach, a generalized HT 2 can be optically implemented.
In some applications it is useful to apply Hough transforms twice or to have two HT processors operating in parallel. For example, in some high energy physics applications, it is important to detect the presence of a vertex [ Fig. 14(a) ], which is defined by several straight lines originating from the same point. Such a task can be easily solved by applying the HT twice. If the Cartesian parametrization of a straight line is used, the first HT will map the vertex into a line of dots (Fig.  15) . The second HT will map this line of dots into a point, the coordinates of which define the coordinates of the center of the vertex [ Fig. 14(c) ]. The intensity of this point is related to a number of branches of the vertex.
Another possible application of the optical HT processor is the detection of lines in three dimensions. In this case two HT processors will be used in parallel. The 3-D lines are projected onto two orthogonal planes which serve as the input planes of the two HT processors (Fig. 15) . From the data of the two HT parameter planes, it will be possible to detect the parameters of In the parameter domain, the equation of the input line is determined by the output of the two Hough transform processors.
Vl. Summary and Conclusion
The optical implementation of the HT by a space- The use of the space-variant filter also makes the optical processor very versatile. It can be used to detect various patterns, such as straight lines and circles. By applying an optical HT more than once, more complicated patterns can be detected. Three-dimensional lines can also be detected by a two-channel HT optical processor.
Finally, the technique used to generate the HT filter in this paper is limited to transform images of SBPi = 3600 (= 60 X 60). To increase the SBPi to 106, the CGH will have to be made by an Electron Beam Writer because the SBPHT of the HT filter will be as high as 1010, assuming each hologram of SBPh = 104.
